The interaction between two Ξ-type three-level atoms and a single-mode cavity field in the intensity dependent coupling regime has been studied. Exact analytical solution of the wave function for the considered atoms-field system has been obtained by using the Laplace transform technique when the atoms are initially prepared in the excited state and the field is in a coherent state. The presented structure has the potential ability to generate various new classes of entangled states depending on the chosen nonlinearity function. Two forms of intensity-dependent coupling as well as constant coupling are considered. Some important physical properties such as quantum entanglement, quantum statistics and quadrature squeezing of the corresponding states are investigated, numerically, by which the nonclassicality features of the produced entangled state are well-established. In particular, the effect of intensity-dependent coupling on the degree of entanglement between different bipartite partitions of the system (that is, "atom+atom"-field and "field+atom"-atom) using the linear entropy is investigated. At the same time, by paying attention to the negativity as a useful measure, the entanglement between the two atoms is studied in detail.
Introduction
Jaynes-Cummings model (JCM) is a standard model in quantum optics which simply describes the interaction between a two-level atom with a quantized electromagnetic field [1] . This model which contains dipole as well as rotating wave approximation is not only solvable, but also reveals some interesting dynamical properties of atom-field interaction such as entanglement [2, 3, 4, 5] , collapse-revival phenomenon [6] , quadrature squeezing [7, 8] , entropy squeezing [9] , sub-Poissonian statistics [10] , etc. Various generalizations have been proposed to extend JCM. tem has not been outlined in the literature up to now. Anyway, since the behaviour of such systems depends on the initial atoms-field state, we take the atoms to be prepared in their exited states and the field is considered to be in a (standard) coherent state. At this point, it is worth noticing that, to overcome the difficulties in the coupled differential equations we will use the Laplace transform techniques. Accordingly, we successfully find the analytical expression for the wave function of the above general dynamical system, which is indeed a new class of entangled states.
At first the role of intensity-dependent coupling regimes on the DEM between different bipartite partitions of the considered system, in particular, "atom+atom"-field and "field+atom"-atom will be investigated using the linear entropy. In addition, the entanglement between the two atoms is discussed via the evaluation of the negativity. Due to the fact that, nonclassicality of radiation field plays a central role in quantum measurement and QIP, in the continuation of the paper, after quantifying the DEM of the produced atoms-field system, we investigate sub-Poissonian statistics and quadrature squeezing as two important nonclassicality features of the considered system. As will be observed, various classes of entangled states with different amounts of DEM and nonclassicality signs will be produced by employing the intensity-dependent coupling functions appropriately.
The organization of this paper is as follows: in section 2 we introduce the Hamiltonian of the model in the interaction picture and derive an exact expression for the wave function of the system under consideration. In section 3 we employ the analytical solution of the state vector of the system to investigate the time evolution of the linear entropy, negativity, Mandel parameter, mean photon number and squeezing parameters. Finally, a summary and conclusions are presented in section 4.
The model and its solution
Let us consider two similar three-level atoms (labeled with A 1 and A 2 ) with Ξ-configuration (has been depicted in figure 1 ) with exited state |1 , ground state |3 and intermediate states |2 with the only allowed transitions |1 → |2 , |2 → |3 . These two atoms interact with a single-mode cavity field. The Hamiltonian describing this system can be written as ( = 1):
whereσ ik = |i k| is the atomic raising or lowering operator,â andâ † are respectively the bosonic annihilation and creation operators of the cavity field, g is the atom-field coupling constant in the absence of nonlinearity and j denotes the atoms A 1 and A 2 . The deformed operatorsÂ andÂ † have been defined asÂ =âf (n) andÂ 
where the detuning parameters are given by
To obtain the wave function of the outlined system, we solve the time-dependent Schrödinger equation i ∂ ∂t |ψ(t) =Ĥ I |ψ(t) . For the assumed system, the wave function at any time t can be written in the following form:
where the coefficients C i (n, t), i = 1, 2, ..., 6, are the unknown probability amplitudes that should be determined. We suppose that the field is initially prepared in the coherent state |α and the atoms enter the cavity in the exited state |1, 1 . Thus, the initial wave function is given by:
We find the equations of motion for the time dependent probability amplitudes (C i (n, t)) by substituting (6) in the Schrödinger equation. This procedure arrives us at the following six coupled differential equations:
where we used the abbreviations:
Among various ways, to solve the above equations, the Laplace transformation allows one to cast the differential Eqs. (8)- (13) into a set of algebraic equations which can be solved in a straightforward manner [41] . We then perform the inverse Laplace transformation to find the probability amplitudes themselves. We start by introducing the Laplace transform of probability amplitude C 1 (n, t) as follows:
Accordingly the Laplace transformed of other probability amplitudes are defined as follows
Now, if we multiply the Eqs. (8)- (13), respectively by e −st , e −st e
−st e 2i∆ 1 t and e −st e 2i(∆ 1 +∆ 2 )t , and then integrate over time (using the Eqs. (15), (16) and integration by parts), the probability amplitudes obey the following set of equations
The above algebraic equations can be solved under resonance condition. In this case, after some lengthy but straightforward calculations, we obtain the probability amplitudes (via the inverse Laplace transform techniques) as below
where
Thus, the explicit form of the interacting field with the two three-level atoms, which from the quantum mechanical point of view contains all information about the considered system, has been obtained in the resonance condition. We end this section with mentioning another perspective of the JCM. Generally, this model and its extensions have been solved in the resonant [42, 43, 44] , off resonant [3] and far from resonant [41] cases. The entropy squeezing of a JC with Gluber-Laches state in the resonant case has been studied in [42] . The two-atom two-photon JCM with resonant condition has been investigated in [43] . The interaction between a two-level atom with two-mode cavity field via time-dependent coupling in the resonant case has been presented in [44] , where the field entropy and the DEM have been quantified.
Physical properties
Now, which we successfully obtained the probability amplitudes (and so the explicit form of the wave function of the entire two three-level atomic system which interacts with a single mode coherent field), we are able to study the quantum dynamical properties of the atoms and field such as linear entropy, negativity, quantum statistical properties and quadratures squeezing. It is worth noticing that choosing different nonlinearity functions f (n) leads to various atoms-field systems with different physical results. In this respect, we choose two nonlinearity functions in the following forms:
(1) Center-of-mass motion of a trapped ion. The nonlinearity function associated with this system reads as [45] :
where η is Lamb-Dicke parameter and L m n (x) is the associated Laguerre polynomial. The nonlinear coherent state associated with such a nonlinearity function has been introduced by Filho and Vogel in a pioneering paper [39] .
(2) Harmonious states. The harmonious state is characterized by the nonlinearity function
This function first introduced by Man , ko et al [38] in relation to the harmonious state which has been introduced by Sudarshan [46] .
Measurement of DEM
Due to the apparent entanglement feature of the considered atoms-field system, it is natural to investigate the amount of this pure quantum quantity at first. For achieving to this purpose, several measures of DEM have been proposed. These contain entanglement of formation [47, 48] , relative entropy of entanglement [49] , entanglement of distillation [50] , linear entropy of entanglement [51] , negativity [52, 53] , concurrence [54] and so on. In this section we use the "linear entropy" and "negativity" to discuss the DEM for the different parts of the considered system.
Linear entropy
For a bipartite quantum system (A and B), the linear entropy is defined as:
where ρ i (t) denotes the reduced density operator related to subsystem i. In order to evaluate this quantity for our model, let consider two different bipartite systems "A 1 + A 2 -field" and "A 2 + field-A 1 ", where A 1 and A 2 represent the atomic subsystems being in the Ξ-type three-level atom. It may be noted that by using the the mentioned notation, for instance the case "A 1 + A 2 -field", we have reduced the three-part system to the bipartite one, i.e, "A 1 + A 2 " and "field" which their entanglement is of interest (and also for the other case).
Anyway, the density matrix of the atoms-field system is ρ A 1 A 2 −F (t) = |ψ(t) ψ(t)| with |ψ(t) has been given in (6) . For the bipartite system "A 1 + A 2 -field", the reduced density matrix of the subsystem composed of two atoms can be obtained by tracing over the field as follows: 
The matrix elements in (32) at any time t are given as
The linear entropy of the subsystem (atoms) can be defined through their respective reduced density matrix as [55] :
It reflects the DEM between "the two atoms" and "the coherent field". In figure 2 , we have plotted the linear entropy of the atoms versus scaled time gt. In this figure and all figures which will be presented in the continuation of the paper, frames (a), (b) and (c) concern respectively with the f (n) = 1 (linear case), f HS (n) = 1/ √ n (harmonious state) and
. From the figure 2(a) whereas the intensitydependent coupling is neglected, a random behavior around the value of 0.3 for the time evolution of the linear entropy is observed. We can see from the figure 2(b) that in the presence of intensity-dependent coupling (with f HS = 1/ √ n), linear entropy oscillates regularly between zero and its maximum value (0.05). In this case, while the entangling is always negligible, the field and two atoms are completely disentangled at some particular times. Also, it is clear from figure 2(c) that, for the trapped ion state, after a short time, the entropy rapidly oscillates around its upper value (nearly 0.7). Finally, if one compares frames 2(b) and 2(c) with 2(a), it is understood that the density-dependent couplings, harmonious (trapped ion), reduces (increases) the maximum amount of the entanglement between two atoms and field. Therefore, in this way, by appropriately choosing the nonlinearity (intensity-dependent) function one may tune the amount of entanglement. For the investigation of the DEM in second bipartite system "A 2 +field-A 1 ", one can obtain the reduced density matrix of the first atom (A 1 ) by tracing Eq. (32) over the second atom (A 2 ) as follows: 
Consequently, the linear entropy of A 1 atom as a measure of DEM between A 1 and "A 2 +field" can be obtained by the following form
In figure 3 , we have plotted the linear entropy for the first atom (A 1 ) with the same parameters as in figure 2 . This figure shows the time evolution of DEM between one atom and the reminder of the system. As is seen from the plot 3(a), whereas the intensity-dependent coupling is disregarded, a chaotic behaviour for the time evolution of the linear entropy is revealed. The same general behaviour can be seen in plot 3(c) for the intensity-dependent coupling using the trapped ion system with f T I (n) in (28) . By including the intensity-dependent coupling with f HS (n) in (32) corresponding to harmonious state in plot 3(b), a regular oscillatory behaviour is observed. Also, comparing the plots 2(a), 2(b) and 2(c) indicates that the intensity-dependent coupling in the harmonious state form ( figure 3(b) ) reduces the value of the time-average of DEM between one atom and the reminder of the system. Altogether, their maxima are at the same order. In addition, as is readily seen, the DEM between A 1 and "A 2 +field" (3(b)) is much larger than DEM between field and "A 1 + A 2 " (2(b)).
Negativity
In this subsection, we are mainly interested in analyzing the effect of the intensity-dependent coupling on the entanglement dynamics between "the two atoms" that coupled to the singlemode field inside the cavity. To study the dynamics of the mentioned quantity, one must choose an appropriate entanglement measure. For the present case, the negativity is a good computable measure for the DEM between the two atoms. The concept of the negativity is related to the Peres-Horodecki condition for the separability of a state [56, 57] . They proved that a necessary condition for separability is that the matrix obtained by partial transposition of ρ has only non-negative eigenvalues. However, the state is entangled if one or more of the eigenvalues of partial transposition matrix is negative. Negativity for the subsystem which contains "two atoms" is defined by the following form [53] N = ||ρ
where ρ
is the matrix obtained by partially transposing the atomic reduced density matrix with respect to the second atom (A 2 ), and ||ρ
|| 1 shows the trace norm of the operator ρ
The trace norm of any operatorÔ is defined by ||Ô|| 1 = Tr Ô †Ô [58] , that is equal to the sum of the absolute values of the eigenvalues ofÔ, whenÔ is Hermitian. The reduced density matrix for atoms (ρ A 1 A 2 ) has positive eigenvalues and so Tr(ρ A 1 A 2 ) = 1. Also, for the partial transpose of the atomic reduced matrix we have Tr(ρ
, but because of the fact that it may possess negative eigenvalues, its trace norm can be written as follows [59] ||ρ
where µ i and µ neg i
are the eigenvalues and negative eigenvalues of ρ
, respectively. Consequently, we need only to calculate eigenvalues of ρ
to arrive at the DEM between the two atoms by using the negativity measure. Figure 4 shows the evolution of this quantity in terms of the scaled time gt for an initial mean number of photons fixed at |α| 2 = 10. The temporal behaviour of the negativity for the cases with constant coupling (4(a)) as well as nonlinear atoms-field coupling with trapped ion nonlinearity (4(c)) show irregular oscillations. As is shown in plot 4(b), for the case of Harmonious state the DEM between the two atoms displays regular periodic oscillations. Meanwhile, in all of the mentioned cases, the maximum value of the entanglement between the two atoms occurs in a short time passing from the beginning of the interaction between the two atoms and the single-mode cavity field. Also, comparing the plots 4(a) and 4(c) with 4(b) shows that, while the two atoms are entangled at all times for 4(a) and 4(c), for the Harmonious state nonlinearity the entanglement between the two atoms is disappeared in at some moments of time.
Quantum statistics: Mandel parameter and mean photon number distribution
The so-called Mandel Q-parameter suitably describes the violation of the photon number distribution of the state from Poissonian statistics corresponding to coherent field. This parameter for a single-mode light field has been defined as follows [60] 
If −1 ≤ Q < 0 (Q > 0) the field statistics is sub-Poissonian (super-Poissonian) and Q = 0 shows the Poissonian statistics. Using the wave function for our considered system, it is easily seen that:
where C i (n, t), i = 1, ...., 6 have been determined in Eqs. (22)- (27) .
In figure 5 we plotted the time evolution of Mandel parameter versus the scaled time gt. For the linear case (f (n) = 1), this quantity varies between positive and negative values, which means that the photons display super-or sub-Poissonian statistics for different intervals of times, alternatively. But, from figure 5(b) , where the nonlinear function is harmonious, we observe that the Mandel parameter possesses a regular periodic behaviour in the negative region. So, the entire atom-field state of the system has always a sub-Poissonian statistics and so is full nonclassical state. Figure 5 (c) which is plotted for the trapped ion state shows the same behaviour like the figure 5(a) , qualitatively. Meanwhile, a little difference may be observed between figures them in the sense that, the time average of sub-Poissonian statistics of constant coupling case (5(a)) is greater than the case with trapped ion nonlinearity function (5(c)).
We end this subsection with an overview on the mean photon number distribution in an explicit manner [33, 61] . By using the first relation in Eq. (41), in figure 6 , we have plotted the time evolution of mean photon number versus the scaled time gt for the chosen parameters similar to figures 2. We can see the typical collapse-revival phenomena as a nonclassical sign for linear case (f (n) = 1). Also, the behaviour of mean photon number for Harmonious (trapped ion) nonlinearity is regular (chaotic).
Quadrature squeezing
Squeezed light is a radiation field without a classical analogue [62] . The usefulness of such light relates to several applications like optical communication networks [63] , interferometric techniques [64] and optical waveguide tap [65] . To investigate the squeezing properties of the obtained state |ψ(t) in (6), we introduce two quadrature field operatorsx = (â +â † )/2 andŷ = (â −â † )/2i. These operators satisfy the uncertainty relation (∆x) 2 (∆ŷ) 2 ≥ 1/16. Consequently, a state is said to be squeezed in the variablex (ŷ) if (∆x) 2 < 1/4 ((∆ŷ) 2 < 1/4). However, by defining S x = 4(∆x)
2 −1 and S y = 4(∆ŷ) 2 −1 squeezing occurs inx (ŷ) component if −1 < S x < 0 (−1 < S y < 0). Figure 7 describes the quadrature squeezing in position in terms of the scaled time. For the linear regime (f (n) = 1) and nonlinear case (trapped ion) squeezing exists in x quadrature only at the beginning of the occurrence of the atom-field interaction. We can see from figure 7(b) that, for the nonlinear case with f HS = 1/ √ n the squeezing exists in x quadrature at all times, with a regular behaviour. So, recalling that all considered criteria in this paper are sufficient not necessary condition for nonclassicality behaviour, one may conclude that the atom-field states system with harmonious state coupling is full nonclassical state at all times. However, it is worth to mention that, the depth of squeezing (negative value of squeezing parameter) at the initial interaction time in figures (7(a)) and (7(c)) are greater than figure (7(b) ).
Summary and conclusion
In this paper, we have considered the nonlinear as well as linear interaction between two identical Ξ-type three-level atoms and a single-mode field using the generalized JCM with intensitydependent coupling between atom and field. Next, after finding the explicit form of the state vector of the considered atoms-field system by using the Laplace transformation techniques in a general manner, entanglement degree between different parts of the subsystems, sub-Poissonian statistics and quadrature squeezing of the obtained state have been investigated, numerically. We would like to emphasize the generality of our obtained formalism in the sense that, it may be used for any physical system and nonlinear oscillator algebra with arbitrary function f (n). Even though the proposed structure can work with arbitrary nonlinearity function, we studied the effect of intensity-dependent coupling by considering the nonlinearity functions f HS = 1/ √ n and f T I = L 1 n (η 2 )/(1 + n)L 0 n (η 2 ), in addition to the case with constant coupling. Briefly, the main results of the paper are listed as follows.
• The intensity-dependent coupling has crucial effect on the DEM, sub-Poissonian statistics and quadrature squeezing.
• The intensity-dependent coupling in the form of f HS = 1/ √ n reduces the maximum amount of DEM between atoms and field, while for the trapped ion case it increases this value up to 0.7, as compared with constant coupling (figure 2). While the maximum value between one atom and the reminder of the system for different used atoms-field couplings are almost the same, for the Harmonious state nonlinearity this measure is fully destroyed at some specific moments of time ( figure 3 ). In particular our numerical calculations for the negativity measure (showing the entanglement between the "two atoms") associated with the considered states of the system show that, for the constant coupling (4(a)) as well as the trapped ion nonlinearity (4(c)) it always get a noticeable value, while for the Harmonious state it gets zero value at some moments of time (4(b)).
• The temporal behavior of different entanglement measures, Mandel parameter and quadrature squeezing in the presence of intensity-dependent coupling in the form of f HS = 1/ √ n oscillate regularly with time. The Mandel and quadrature squeezing parameters for this special case always remain in the negative region (figures 5 and 7) and mean photon number has oscillatory behaviour for all considered cases (figure 6) which means that, the corresponding atoms-field states of the system possess nonclassical features of interest.
• It ought to be mentioned that, this study can be carried out by considering different configurations of three-level atoms as well as different nonlinearity functions and we hope to report this works in the near features elsewhere.
